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Using Egs. (5) and (6), Eq. (4) reduces to
Pe = (0 — 1)/[(2dz/de)V'* — 1] @

From Eq. (7), ¢., can be estimated if 3, is measured in a given
experiment since d» and d; are known. However, for the
particular value of d;3/dy = 2, ¢., cannot be found. There-
fore, in Fig. 1 Eq. (7) is plotted over a wide range of the ratio
ds/d, to evaluate the best range of diameter ratios. Since
03, is to be measured experimentally, it can be seen from Eq. (7)
that it is better to have the value of 83, as high as possible in
order to obtain an accurate value of ¢,,. It can be seen from
Fig. 1 that, for large values of 8z, diameter ratio ds/d» should
lie between 1.0 and 0.5. Ratios below 0.5 give rise to con-
struction difficulties. The operating regime of the probe is
shown by the hatched area in Fig. 1. Once ¢, is obtained in
a given experiment, the velocity wall chemical reaction can
also be estimated if the flow quantities U, p, u, ete. are known
accurately. However, in the present method an accurate de-
termination of &, is not necessary for measuring atom concen-
tration.

2. Atom Concentration

A substitution of ¢, from Eq. (7) into Eq. (2) gives

(Qone)s = 0.7638,703(H, ~ H,) X
(Bsptope) 2 (hr° 0t/ Ho) } (832 ~ 1)/ [(2da/ds)¥2 — 1]} (8)

o, can be found from Eq. (8) if u, p, and U, are known accu-
rately, since 83, and (g,_,.)s are measured in a given experiment.
As noted previously, there are uncertainties in estimating
these quantities. To avoid this, the following approach may
be used.

Counsider the heat-transfer equation to the noncatalytic
gage in the three-dimensional model; since ¢.. = 0,

(@ne)s = 0.763P,0-83(H, — H,)(Baupe)V2[1 —
(hz°ax/Ho)] (9)

Dividing Eq. (8) by Eq. (9) and rearranging
he®an/He = 1/[1 + ¢eiLe 3 (qne/ Qeno)s] (10)

where ¢, is estimated using Eq. (7).

To find e, from Eq. (10), all of the quantities are measured
except Le and He. The Lewis number (Le) is usually taken
as a constant for a given temperature,® and He can be ob-
tained fairly accurately from the reservoir conditions in a
given hypersonic shock tunnel. Consequently, by using this
approach, it is not essential to measure the flow quantities or

0 05 1-0 15

25 3-0 35 4-0 4-5

2.9
dy/4,

Fig.1 Variation of probe sensitivity with diameter ratios.
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the veloeity of wall chemical reaction (£.) of the gage in order
to obtain the freestream atom concentration.

Although the preceding analysis is valid strictly for blunt
body flows with boundary layers that are separated from the
shock wave by an inviscid shock layer, the analysis can also
be extended to the cases when the flow Reynolds number is
low enough to cause the now viscous shock layer and the
boundary layer to merge. Using the Stanton number de-
rived by Cheng,” a similar type of analysis has been done, and
simple expressions for catalytic efficiency and freestream atom
concentration have been derived. Thus this approach is
applicable over a wide range of probe Reynolds number.
This unique approach is being verified in the University of Tor-
onto, Institute for Aerospace Studies 11- X 15-in. hypersonic
shock tunnel.
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Nonzero Average Rate-Gyro Output
from Sinusoidal Inputs

TAFT MURRAY*
Avco Corporation, Wilmington, M ass.

Nomenclature

B = rate-damping coefficient

Hiay Hos, Hsa = angular momentum about the input, out-
put, and spin axes

Hy = angular momentum of gyro wheel

Iria, Iroa, Irsa = moment of inertia of gyro float about in-
put, output, and spin axes

K = electrical or mechanical spring constant

i = Integration time

Qg = angular position error

amplitude of sinusoidal angular rates
about the input, output, and spin axes

Qr4, Qo4, sa

0 = angular displacement between gyro float
and case
WEIR equivalent input angular rate

[

angular rates with respect to inertial
space about the input, output, and spin
axes

gyro natural frequency

frequency of sinusoidal angular rates

damping ratio

Wid, W04, W8A

wn = (K/Iros)'?
wy

= §B(IrosK) ™12

I
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INUSOIDAL angular rates of identical frequencies about
the input and spin axes of a rate-measuring gyro cause a
nongzero average output. Although the angular rate error is
negligible, the error in the integral of the rate signal may not
be. For example, angular displacement information obtained
by integrating rate-gyro signals during powered flight may be
in error due to engine vibrations. An error expression and the
magnitude of this error for a particular case will be derived.
Consider the structurally rigid model of a rate-measuring
gyro shown in Fig. 1. From Newton’s law T = dH/d¢
about the mass center of the gyro float-wheel combination,
the equation of motion about the output axis is

IFOAé + Bé + K§ = wIAHSA - CUSAHIA - HOA (1)
The angular momentum vectors as shown in Fig. 2 are

Hrs = (wra cosf — wga sinb)Irra cosd +
Hyw sind + (wsa €080 + wrs sind)] rgs4 sind

HSA = HW cosf + (wsA cosf + Wra Sinﬁ)IFsA X (2)
c0sf — (wra €08l — wga sin®)Irra sing

Hos = IFOAOJOA

Substituting Eqgs. (2) into Eq. (1) and making a small-angle 8
approximation (sinf = 6, cos§ = 1, cos26 = 1), one obtains

Iros + B6 4+ K'0 = Hywia — Troados —
(Ir1a — Tpsa)wrawgs  (3)
where
K'=K + Hwwsa + (Ur1a — Irsas)(wra® — wga?)

Equation (3) is a linear equation with a time-varying spring
term and three forcing functions. For a rate-measuring gyro
with the following parameters:

Iros = 54 dyne-cm-sec?
Hw = 9 X 10* dyne-cm-sec
K = 57.3 X 10* dyne-cm-rad !

Irrs — Ipsa < 50 dyne-cm-sec?

subjected to a rate vector with components
wsa = g4 sincyt
wra = Q4 sinwyt
woa = QOA sinwvt

where, for example, Qg4 =~ Q1 =~ Qos ~ 1 degsec™t and wy
=~ 12 rad-sec ™', Eq. (3) is closely approximated byt

Irosf + Bb + [K + HwSQsa sinwvt]d = HyQra sinert  (4)

For a nonzero average output to exist, Eq. (4) shows that
wsa and wra must have identical frequencies over a period,

t The spring term H wpwgsa is mentioned in Ref. 1.
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Fig. 1 Structurally rigid gyro model.
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Fig. 2 Angular momentum diagram.

but the frequencies need not remain constant through time.
The example of identical frequencies will now be continued.
It is convenient to define an equivalent input angular rate as

wrrr = (K/Hw)0 6
Substituting Eq. (5) into Eq. (4), one obtains"

Hy

wrie + 2¢wubmrr + [wnZ + 7

Qsa sinwvt | werr =
FoA .

wnz&)m sinwvt (6)
The perturbation methodf will now be used to show that a
nonzero average wgrz results from the sinusoidal inputs of
wsa and wra. A series solution for wgir is assumed in the
form of
WEIR =~ Xo + (HWQSA/IFOA)Xl -+
(Hwfsa/Iros)?Xs + ...
WEIR = Xo + (HWQSA/IFOA)X1 + e
Xo + (HWQSA/]FOA)XI + ...

@)

WEIR

Substituting Egs. (7) into Eq. (6) and equating terms ot equal
powers of HwﬂsA/lpoA, one obtains for (:HHIQSA/IFOA)O

Xo 4 28w, X0 + 0n2Xo = 0,24 sinwvt (8)
and tor (HwQs4/Iroa)?
X+ 28w, X, + w2X1 = — X sinwvt 9)

Solving for the particular solutions of Eqs. (8) and (9) and
substituting these solutions nto Eq. (7), one obtains

wrir = C coswvt + D sinwyt + (Hwsa/Iroa) [E sin2wyt +
F cox2wvt — (D/2w,2)]  (10)

where

o= 2EwnSwv s

C(wa? — wr)? + fwawy)?
D _ wn2QIA(wn2 - CUV2)

T (wa? — wy)? + Qfwawy)?
5 2fwawyD — FC0(wn® — 4wv?)

(0n? — dwp?) + (dfwnwr)?

P 2¢wawvC + 1D (w,? — dwv?)

(wn? — dwv?) + @éwawy)?

If the rate-measuring gyro’s electrical output representing
wgig 1s integrated for angular position information, then the
average angular position error a, will be

_ ]. HWQSAQIA> wp? — wy? >t~
T T2\ Tros (@ — av?)? + QEwawn)?)

The approximate «, for the forementioned rate-measuring

1 Also called method of Poincare.
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gyro parameters and inputs for ¢ equal to 300 sec is
1 HypQsaQr4 1 (9 X 10%(1)(1)(300)

]ao! ~

la. ~ 0.41°

The error will increase (or decrease) in proportion to the
product of the amplitudes (254Q;4) of the rates.

Reference

1 “A handbook on floated integrating gyros,” Reeves Corp., p. 8
(1958).

A Thermal Boundary-Layer Problem
in Magnetohydrodynamics

Joun Fruro*
Syracuse Unwersity, Syracuse, N. Y.

Nomenclature
Cr = coeflicient of specific heat at constant pressure
H = magnetic-field vector, magnitude H
hay hy = components of H along x, y
Hz, Hy = dimensionless components, Hx = h,/H., Hy =
hy/Hx
H, = magnetic-field strength in undisturbed stream
] = electric-current-density vector, magnitude j
k = thermal conductivity
L = reference length
Pm = H./4x C, T,
Pr = Prandtl number, uC,/k
Prm = magnetohydrodynamic Prandtl number, 4rov
q = velocity vector
Re = Reynolds number, UL/»
BRm = magnetic Reynolds number, 4x UsL
T = temperature
T = temperature in undisturbed stream
Us = undisturbed-stream speed
U, v = components of ¢ in z, y directions
U,V = dimensionless components, U = «/Us, V = v/Us
z, Yy = boundary-layer coordinates
X,Y = dimensionless coordinates, X = z/L, Y = y/&.L
3¢ = typical thermal boundary-layer thickness, dimen-
sionless
v = kinematic viscosity
P = mass density
4 = electrical conductivity
0 = dimensionless temperature, 6 = T — T'/T.,

Introduction

N Ref. 1, Sears studied a class of steady plane and axi-

symmetric magnetohydrodynamic flows known as the
aligned-fields flow, i.e., flow in which the basic or undis-
turbed situation consists of a uniform parallel stream and a
uniform magnetic field parallel to it.

The flow regime was split into three regions, namely, the
potential flow, the inviseid layer where magnetohydrody-
namics (MHD) effects are present, and a viscous sublayer.
The boundary-layer equations pertinent to the inviscid mag-
netohydrodynamic boundary layer, as well as the viscous
sublayer, were derived and discussed. Similar solutions were
found for these equations. The object of this note is to derive
and examine the thermal boundary-layer equations for steady
plane aligned-fields flow.
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Analysis

The thermal boundary-layer equations are derived for
fluids subject to large magnetic Reynolds numbers, small
magnetic Prandtl numbers, and Prandtl numbers of order
one. In addition, we shall only consider constant-property
fluids and incompressible flow.

The temperature distribution about a heated body may
be found from the following equation:

pCo(q-VT) = kV?T + p® + j%/0 (L

where T is the local temperature, q is the local velocity vector
with components u, v and is assumed to be known from Ref.
1, ® is the viscous dissipation, and j2/¢ is the Joule heating
term.

In addition. to the velocity vector q, we need to know j.
The necessary equations are

j=ol@XxXH) @
47j = cwrl H 3)

Where electromagnetic units are employed, the electric field
E is taken to be zero, and the fluid is assumed to be non-
magnetic.

In order to talk about the thermal boundary layer, we must
take into account the fact that the flow regime is split into
three regions. In light of this, the following model for the
study of the thermal effects about a solid body is proposed:
1) an undisturbed region where the temperature is T; 2)
a magnetoinviscid-thermal layer where thermal conduction is
negligible, and only convection and Joule heating contribute
to the transport of thermal energy; and 3) a viscous-thermal
layer where thermal conduction, convection, viscous, and
Joule heating are important. This idea of splitting the
thermal region was also considered in Ref. 2 but for an en-
tirely different problem.

The justification for neglecting the heat transport by con-
duction in the magnetoinviscid-thermal layer rests on the
fact that the fluids under consideration are those for which
the heat conductivity is small. Thus, it is well known? that
conduction becomes important only in the region where the
convective heat transport is small because of small velocities,
and this occurs in the region near the solid surface of the
body, since the velocity goes to zero.

Magneto-inviscid-thermal layer

To derive the boundary-layer equations pertinent to this
region, let us consider the following transformation to dimen-
sionless variables:

X = a/L Y = y/Lé,

where Ld, is a typical thickness of the boundary layer. In
dimensionless form, Eq. (1) becomes

0 Tor_ bw(aly Loty

Usx Ts.ov " Em\ox & or

As in Ref. 1 where all dependent variables are expressed
in the form of a power series, we now assume that the non-
dimensional temperature # may be expressed in the form of a
power series in a small parameter that vanishes in the limit
RBm = o, e,

6=3 60X ()
n=0

where
Xn = Rm~F P>0 (6)

Absorbing the constant of proportionality in the definition
of 5, we assume that the dimensionless thermal boundary-



